We argue that the transverse shape of the fireball created in heavy ion collision is controlled by event-by-event fluctuations of the eccentricity vectors for the forward-going and backward-going wounded nucleons: ⃗ ǫ
We argue that the transverse shape of the fireball created in heavy ion collision is controlled by event-by-event fluctuations of the eccentricity vectors for the forward-going and backward-going wounded nucleons: ⃗ ǫ n . Due to the asymmetric energy deposition of each wounded nucleon along its direction of motion, the eccentricity vector of the produced fireball is expected to interpolate between ⃗ ǫ F n and ⃗ ǫ B n along the pseudorapidity, and hence exhibits sizable forward-backward(FB) asymmetry (ǫ B n ≠ ǫ F n ) and/or FB-twist (Φ * F n ≠ Φ * B n ). A transport model calculation shows that these initial state longitudinal fluctuations for n = 2 and 3 survive the collective expansion, and result in similar FB asymmetry and/or a twist in the final state eventplane angles. These novel EbyE longitudinal flow fluctuations should be accessible at RHIC and the LHC using the event-shape selection technique proposed in earlier papers. If these effects are observed experimentally, it could improve our understanding of the initial state fluctuations, particle production and collective expansion dynamics of the heavy ion collision.
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I. INTRODUCTION
Relativistic heavy-ion collisions at RHIC and the LHC produce a quark-gluon fireball, whose shape is lumpy and asymmetric in the transverse plane [1] . The fireball expands under large pressure gradients, which transfer the inhomogenous initial condition into azimuthal anisotropy of produced particles in momentum space [2, 3] . Hydrodynamic models are used to understand the space-time evolution of the fireball from the measured azimuthal anisotropy [4] [5] [6] . The success of these models in describing the anisotropy of particle production in heavy-ion collisions at RHIC and the LHC [7] [8] [9] [10] [11] [12] [13] places important constraints on the transport properties and initial conditions of the produced matter [14] [15] [16] [17] [18] [19] .
When describing the dynamics of the fireball in azimuthal angle φ, it is convenient to parameterize both the initial shape and final state anisotropy of the fireball in terms of a Fourier decomposition. Various shape components of the fireball are described by the eccentricities ǫ n and participant-plane (PP) angle Φ * n , calculated from transverse positions (r, φ) of the participating nucleons relative to their center of mass [3, 15] :
The azimuthal anisotropy in the distribution of produced particles is expressed as:
v n cos n(φ − Φ n ) , (2) * Correspond to jjia@bnl.gov where v n and Φ n represent the magnitude and phase (referred to as the event plane or EP) of the n th -order harmonic flow. They are also written in a compact form:
According to hydrodynamic model calculations, elliptic flow ⃗ v 2 and triangular flow ⃗ v 3 are the dominant harmonics, and they are driven mainly by the ellipticity vector ⃗ ǫ 2 and triangularity vector ⃗ ǫ 3 of the initially produced fireball [20, 21] . The origin of higher-order (n > 3) harmonics is more complicated; they arise from both ⃗ ǫ n and final state non-linear mixing of lower-order harmonics [19, 21, 22] .
The connection between initial shape of the fireball and its final state harmonic flow is also applicable in the longitudinal direction. Although the rapidity distributions of the particle multiplicity exhibits forward-backward (FB) symmetry and boost-invariance near mid-rapidity when averaging over many events, this is not necessarily the case on an event-by-event (EbyE) basis [23, 24] : Particles in the forward (backward) rapidity are preferably produced by the participants in the forward-going (backward-going) nucleus, and the number of forwardgoing and backward-going participating nucleons are not the same in a given event, N [25] 1 . Indeed, extensive analyses of experimental data [26, 27] reveal a strong FB-asymmetry in the particle production in pseudorapidity η [23, 28, 29] .
In this work, we generalize the EbyE FB-asymmetry idea to the study of the rapidity fluctuations and eventplane decorrelation of harmonic flow. We first note that eccentricity vectors can be calculated separately for the two colliding nuclei from their respective participants via Eq. 1:
n . This together with the asymmetric energy deposition of participating nucleons suggests that the transverse shape of the initially produced fireball at the time of the thermalization but before the onset of the hydrodynamics should be a strong function of η. Consequently, the eccentricity vector that drives the evolution of the whole system, ⃗ ǫ tot n , should also depend on η. The value of ⃗ ǫ tot n (η) is expected to interpolate between ⃗ ǫ F n at forward rapidity and ⃗ ǫ B n at the backward rapidity, and is equal to ⃗ ǫ n only at mid-rapidity. Just as N 
to characterize the FB eccentricity and multiplicity asymmetries, then it is easy to show that A ǫn ≫ A Npart in Pb+Pb or Au+Au collisions. Furthermore, the twist angle, Φ * F n − Φ * B n , is also quite large, especially in very central and peripheral collisions where the shape fluctuations are large. Similar twist effects have been studied previously [30, 31] and are found to survive the hydrodynamic evolution [30] .
The FB eccentricity vector fluctuations are generic initial state long-range effects, and should be present as long as the particle production for each participating nucleon exhibit FB asymmetry. Since the hydrodynamic response to eccentricity vectors are known to be linear for elliptic flow and triangular flow, these FB eccentricity fluctuations should result in η-dependent flow with strong EbyE variations:
. They should also lead to a new class of phenomena not yet explored experimentally, such as FB-asymmetry of harmonic flow, event-shape twist and non-trivial η-dependent mode-mixing effects [31] [32] [33] . Recently, measurements of two-particle correlations in highmultiplicity p+Pb and d+Au collisions suggest that hydrodynamic behavior may also be present in these small collision systems [34] [35] [36] . It would be interesting to study the longitudinal collective dynamics in these collisions, where FB eccentricity vector fluctuations are expected to be much bigger than for A+A collisions.
In this paper, we present a study of the FB eccentricity vector fluctuations and their influence on the rapidity fluctuations and event-plane decorrelations of harmonic flow. Our intention is not to perform an exhaustive study over the full parameter space in
n . Instead, we focus our attention on several classes of events with specific characteristics in these parameters and study v n (η) and Φ n (η) in the final state. Such event-shape selection technique [31, 33, 37] has the advantage of exposing certain aspect of the initial geometry fluctuations, and the signal remains large and easy to interpret after an ensemble average. We perform these studies using the AMPT transport model [38] , which contains both FB eccentricity fluctuations and collective flow.
The structure of the paper is as follows. The next section presents a simple model, which establishes the magnitudes and general trends of flow fluctuations along η. Section III discusses the classification of event shape in the AMPT model and introduces the relevant experimental observables. Sections IV and V present the results of v n (η) and event plane Φ n (η) for several event classes. This paper ends with a discussion of the implication of these results and a conclusion.
II. A SIMPLE MODEL
A simple model is used to describe the FB asymmetry in the shape of the initial fireball and how this asymmetry affects the flow harmonics. The model is based on a wounded-nucleon model [25] and an independent emission picture [30] , where the energy density profile and particle production along pseudorapidity in one event are related to the density profile of participating nucleons in each nuclei:
Here the f
is the normalized emission function of one forward-going or backward-going wounded nu-
(−η) for symmetric collision system. One example emission function derived from RHIC data can be found in Ref. [28] . The distributions ρ B and ρ F are density profiles of participating nucleons in the two nuclei:
The shape of transverse density profile just after the collisions, when most entropy has been produced but before onset of hydrodynamics, should be η dependent. According to Eq. 6, this η-dependent profile in a given event is naturally related to the eccentricity vectors of the two colliding nuclei: where
is the η dependent weighing factor for forward-going participating nucleons. The value of α is determined by the emission profiles, but also depends on the number and the transverse profile of participating nucleons in each nuclei via N part and ⟨r n ⟩. It is easy to see that α(−∞) = 0 and α(∞) = 1, and it's value fluctuates EbyE around 1/2 at mid-rapidity for a symmetric collision system, hence Figure 1 illustrates the origin of the η-dependence of the eccentricity implied by Eq. 8, which is the main idea of this paper. Several conclusions can be drawn from this equation. First, if harmonic flow at a given η is driven by the corresponding eccentricity vector at the same η, which is a reasonable assumption for n = 2 and 3 [20, 21] , 2 The center-of-mass of the participants in the two nuclei in general can be different, leading to a correction to Eq. 8 around midrapidity. This correction can be significant for ⃗ ǫ 2 ( Fig. 4 (a) and Appendix A) or when N we should expect the following relation to hold:
where the c n (η) is the hydrodynamic response function, and the three additional terms in the form of ⃗ δ n = δ n e inσn represent additional initial or final state effects. The term ⃗ δ geo n (η) represents additional geometric effects not accounted for by the eccentricity, such as the details in the radial distribution of the energy density profile [15, 39] and the difference from an alternative definition of eccentricity [20] . The last term ⃗ δ dyn n represents additional dynamical fluctuations [40, 41] generated during the hydrodynamic evolution and hadronization.
Secondly, ⃗ ǫ n , the event-plane angle Φ n is expected to rotate gradually from backward rapidity to the forward rapidity. However since α(η) is a non-linear function, these changes may also not be linear, especially when N (Figure 2 (a)), and this difference is due to the fact that the center-ofmass of the wounded nucleons in each nucleus is not at the center of the overlap region but is shifted towards the center of the corresponding nucleus (see discussion in Appendix A). In contrast, the values of ǫ The eccentricity vectors also exhibit a large FB asymmetry in their magnitude (A ǫn in Figure 2 (c)) and a sizable twist (Figure 2 (d) ). The asymmetry and the twist are nearly independent of centrality for n = 3, but they are much smaller for n = 2 in mid-central and peripheral collisions, reflecting the alignment of ⃗ ǫ to the almond shape of the overlap region. In most central collisions, however, the width of the A ǫn and twist angle for n = 2 are comparable to that for n = 3, reflecting a strong decorrelation between ⃗ ǫ F 2 and ⃗ ǫ B 2 due to the dominance of random fluctuations. According to Eq. 10, these FB asymmetry and twist should affect the longitudinal dynamics of harmonic flow.
What we described so far are generic long-range initial state effects, which should be present as long as particle production associated with each wounded nucleon is not symmetric in the beam direction around the collision point. These effects are naturally included in any hydrodynamic models or transport models that includes realistic longitudinal dynamics. In the following, we describe a simulation analysis using the AMPT model [38] , and demonstrate that these initial state effects are indeed 
III. SIMULATION WITH THE AMPT MODEL
The "a multi-phase transport model" (AMPT) [38] has been used frequently to study the higher-order v n associated with ǫ n [43] [44] [45] . It combines the initial fluctuating geometry based on the Glauber model from HIJING and the final state interaction via a parton and hadron transport model, with the collective flow generated mainly by the partonic transport. The initial condition of the AMPT model contains significant longitudinal fluctuations that can influence the collective dynamics [33, [46] [47] [48] . The model simulation is performed with the stringmelting mode with a total partonic cross-section of 1.5 mb and strong coupling constant of α s = 0.33 [44] . This setup has been shown to reproduce the experimental p T spectra and v n data at RHIC and the LHC [44, 49] .
The AMPT data used in this study is generated for b = 8 fm Pb+Pb collisions at LHC energy of √ s NN = 2.76 TeV. A fraction of the particles in each event are divided into three subevents along η, −6 < η < −4, −1 < η < 1 and 4 < η < 6, as shown in Fig. 3 , labelled as B, M and F. The The η-ranges of three subevents (B,M,F) for calculating flow vector ⃗ qn = qne inΨn via Eq. 11. They cover the pseudorapidity ranges of −6 < η < −4 (backward or B), −1 < η < 1 (middle or M) and 4 < η < 6 (forward or F). The results in this section (Sec. III) are obtained using all particles in their respective η ranges. But event planes used in Sec. V are obtained using half of the particles, to allow the measurement of the flow harmonics over the full η range.
raw flow vector in each subevent is calculated as:
where the weight w is chosen as the p T of each particle and Ψ n is the measured event-plane angle. Due to finite number effects, Ψ n smears around the true event-plane angle Φ n . If the FB eccentricity fluctuation is the source of rapidity fluctuation of harmonic flow, then we expect ⃗ q F n to be more correlated with ⃗ ǫ In each generated event, the following quantities are calculated for n = 2 and 3: eccentricity quantities ǫ n , ǫ
for subevent M, a total of 24 quantities. We also define the FB eccentricity difference, as well as the twist angles between FB participant planes, the raw event planes and the true event planes as:
The twist angles are often represented as n∆Φ * FB n , n∆Ψ are not perfectly aligned (Fig. 4(b) ). The width of 2(Φ * F 2 − Φ * B
2 ) is about 0.21 radian for top 10% of events with largest ǫ 2 and increases to 0.70 radian for the bottom 10% of events with smallest ǫ 2 . Thus significant FB asymmetry and twist in the ellipticity are expected for most of the events. 
(e), and ǫ at given ǫ2 value, and the four regions delineated by the boxes in panel-(f) indicate the cuts for the four event classes defined in Table I . The numbers in some panels indicates the correlation coefficients of the distributions. , suggesting that the elliptic flow in the forward-rapidity is driven more by the ellipticity of the forward-going Pb nucleus (and vice versa). This is expected since the forward particle production arises preferably from forward-going participating nucleons. Figure 4 (e) shows that the angles between the participant planes are strongly correlated with the raw event planes, suggesting that the twist in the initial state geometry is converted into twist in the final collective flow between the forward and the backward pseudorapidity.
Identical studies are also performed for the triangularity and triangular flow in Fig. 5 . The features are qualitatively similar to those shown in Fig. 4 , except that most forward-backward correlations are significantly weaker, as ⃗ ǫ Fig. 4(b) . In fact, Φ * F 3 and Φ * B 3 are nearly out-of-phase for events selected with small ǫ 3 (the lower 30% of events). This large twist is the dominating source of the decorrelation of triangular flow observed in previous studies [31, 50] .
Given the rich patterns of the FB eccentricity and PPangle fluctuations shown in Figs. 4 and 5, the plan of (e), and ǫ at given ǫ3 value, and the four regions delineated by the boxes in panel-(f) indicate the cuts for the four event classes defined in Table I . The numbers in some panels indicates the correlation coefficients of the distributions. this paper is not to perform an exhaustive study of the collective response of all possible configurations of the initial geometry. Instead, we focus on several representative classes of events and study how their specific initial state configurations influence the ⃗ v n (η) values in the final state. Four event classes are defined separately for ellipticity and triangularity in Table I by cutting on ∆ǫ * FB n and n∆Φ * FB n , they are also indicated visually in Fig. 4 (f) for n = 2 and Fig. 5(f) for n = 3. The "type1" events have nearly identical initial shape between the two nuclei, i.e. (ǫ
The "type2" events have similar PP angles but very asymmetric eccentricity values, i.e Φ * F n ≈ Φ * B n and ǫ In order to study the rapidity fluctuation of harmonic flow, we need to calculate the Fourier coefficients for final state particles relative to a n th -order reference plane angle Θ n in each event:
. (13) where the average is over all particles at η in the event, and n∆Φ rot n (η) is the η-dependent twist of the final state particles relative to Θ n . The angle Θ n is chosen as one of the participant-plane angles Θ n ∈ {Φ * F n , Φ * B n , Φ * n }, or the truth event-plane angle in one of three subevents, Θ n ∈ {Φ The quantities in Eq. 13 in principle contains the complete information of the harmonic flow in one event, and they can be calculated precisely in an EbyE full 3+1D hydrodynamic simulation. But the calculation is not possible in the actual experiment since the number of particles in one event is finite. Instead, the averages in Eq. 13 have to be performed over an ensemble, which is typically chosen as all events in one centrality class in previous flow analyses. But since the probability of events with positive twist and negative twist are identical, the sine component always cancels out, v s n (η) = 0, while the cosine component v c n is unaffected. Hence the results averaged over events in a centrality class always underestimate the true flow amplitudes, and the twist leads to a decrease of measured v n = v c n in η away from the reference plane (first observed in Ref. [31] , but see also Figure 10 ).
To directly expose the influence of the twist, events in an ensemble must be selected to preferably rotate in one direction, such as the "type3" and "type4" events in Table I. For these "helicity"-selected ensembles, the eventaveraged twist angle as a function of η can be measured with Eq.13, where the average is now performed over all particles at η in one event, then over all events in the ensemble. We emphasize that there could be other sources of EbyE twist associated with the ⃗ δ n terms in Eq.10. If these sources are orthogonal to event selection criteria, i.e. probabilities for positive twist and negative twist from these sources are the same, they would not contribute to v s n (η) after event-average, and hence the measurements generally underestimate the true flow signal.
In order to obtain the Fourier coefficients associated with the true event plane, the v c,raw n and v s,raw n measured relative to raw event plane need to be corrected by a resolution factor determined via a standard method [10] (with the caveat discussed in Appendix B):
This correction changes the sine and cosine coefficients by the same amount, hence the twist angle relative to the event plane can be obtained directly from the raw Fourier coefficients as [31] :
Due to the presence of the ⃗ δ geo n (η) and ⃗ δ dyn n terms in Eq. 10, the participant-plane angles may also fluctuate randomly around the true event plane (observed in EbyE hydrodynamics calculations [17, 20] ), and correction factors similar to Eq. 14 are also needed. These corrections are assumed to be small and are neglected in this paper.
In the following section, we first discuss the v n (η) and n∆Φ rot n (η) results obtained from the three participant planes Φ * F n , Φ * B n , and Φ * n in each event class. These results provide clear understanding on how the flow harmonics after collective response in AMPT correlates with specific choices of initial geometry characterized by ⃗ ǫ F n , ⃗ ǫ B n and ⃗ ǫ n . We then discuss results obtained using the three event planes Ψ Figure 6 shows the elliptic (left) and triangular (right) flow harmonics for events selected with the "type1" criteria in Table I . The values of v are significantly larger in the forward η than the backward η. This apparent asymmetry is attributed to the requirement that ǫ Figure 8 shows the flow harmonics for events selected with the "type3" criteria in Table I . The FB eccentricity vectors in these events have similar magnitudes, but are twisted relative to each other. This initial twist leads to significant nonzero v (η) is close to Φ * F 3 for η > 4, close to Φ * 3 for η ≈ 0, and close to Φ * B 3 for η < −4. These behaviors suggest that when the twist angles are large (they are nearly out-of-phase for n = 3), the three participant planes are only a good approximation of Φ * tot 3 (η) of Eq. 10 over a limited η range. Figure 9 shows the flow harmonics for events selected with the "type4" criteria in Table I . The flow coefficients have similar properties with those in Fig. 8 , except that they have strong FB asymmetries due to ǫ n values at given η show a characteristic hierarchy between the results for the three participant planes: they are largest for Φ * F n in the forward rapidity, for Φ * n in the mid-rapidity, and for Φ * B n in the backward-rapidity, respectively. For triangular flow, the strong η-dependence and large spread between the results for the three participant planes are due to the large EbyE twist between ⃗ ǫ . Similar hierarchy is also seen for elliptic flow but the differences are much smaller. If these decorrelation effects are important in the data, one would expect the v 3 results measured relative to the forward event plane to differ significantly from those measured relative to the backward event plane. Previous experimental analyses [7] [8] [9] [10] [11] [12] [13] haven not observed such effects possibly because of the use of η-symmetric event planes. Figure 10 (a) also shows a small but visible double peak Similarly we also calculate the flow harmonics obtained from the event planes and compare them with the PP results for type3 and type4 events. Figures 13 and 14 show that the twist angles for Ψ the other hand, the Ψ Fig. 14(b) .
IV. RESULTS BASED ON PARTICIPANT PLANES

VI. DISCUSSION AND CONCLUSION
It is now commonly believed that the harmonic flow in heavy-ion collisions are the result of hydrodynamic response to the spatial fluctuations of the transverse density profile in the initial state. These spatial fluctuations are often obtained from a Glauber model [42] or from a more advanced implementation that consider the quantum fluctuations of the participating nucleons and their sub-nucleonic structures [32] . The eccentricity vectors ⃗ ǫ n = ǫ n e inΦ * n has been assumed to be applicable to a wide rapidity range (boost invariant).
In this paper, we argue that since the shape of the participants in the two colliding nuclei can fluctuate independently, and that the energy deposition of each wounded nucleon is biased in η along its direction of motion, the shape of the produced fireball at early time should be a strong function of η. The resulting eccentricity vector, which seeds the hydrodynamic evolution, should also be n ) between the forward-going and backward-going directions. Such FBasymmetries are generic initial state long-range effects that should be carried over to the final state for n = 2 and n = 3, as the collective responses are expected to be linear for ellipticity and triangularity,
. To find out weather these initial state effects can survive the collective expansion, the AMPT model is used. This model has both the fluctuating initial geometry and final state flow generated by parton transport. Events are divided into several classes with different combinations of the asymmetry in ǫ for each event class. The FB asymmetry and twist of the eccentricity vectors in η are found to turn into similar FB asymmetry and twist in the final state flow vector ⃗ v n (η). The extracted asymmetry and twist are found to be nearly independent of the reference plane angle used, i.e. they are found to be the same among the three participant planes (Φ * F n , Φ * B n and Φ * n ) and three event planes defined in different rapidity ranges. These observations strongly imply that initial longitudinal fluctuations are converted into similar longitudinal fluctuations in the final state harmonic flow. This is also supported by a recent full 3+1D ideal hydrodynamic calculation that use the AMPT initial condition in Ref. [47, 51] . The calculation reveals strong event-plane decorrelation very similar in detail to what was observed in full AMPT simulation.
If similar effects are observed in the data analysis, it has the potential to greatly improve our understanding of the space-time evolution of the heavy ion collisions. The system would not be boost invariant event-by-event for harmonic flow, even though the flow rapidity distribution may appear boost-invariant when averaged over many events. Similar violation of boost-invariance for particle multiplicity has been suggested by previous experimental analysis and theoretical investigations [23, 24] , but the boost-invariance effect for flow could be much bigger. In fact if the η dependence of the flow fluctuations can be measured, it could be used to constrain mechanisms for η-dependence of particle production (for example the α(η) and emission function f F B (η) via Eq. 8).
If the event-plane decorrelations arising from these initial state effects are large, we expect a breaking of the factorization of the flow harmonics for two-particle correlation into the flow harmonics obtained from the single particle distributions. Based on Figs. 2 (c)-(d) , the decorrelation effects are expected to be large for v 2 in central collisions, and larger for v 3 across the full centrality range, where ⃗ ǫ F B n are dominated by random fluctuations. The decorrelations are also expected to be much stronger in p+A collisions and asymmetric collisions such as Cu+Au, and with very different rapidity dependence from A+A collisions. Future experimental searches for such long-range EbyE effects at RHIC and the LHC, using the event-shape selection [32, 33] and event-shape twist [31] method, may provide new insights on the nature of initial state fluctuations and their relation to the dynamics of particle production in heavy ion collision.
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and ǫ 2 seen in Fig. 2(a) is mainly due to an offset between the center-of-masses of the wounded nucleons in the two nuclei. As illustrated in Fig. 15 , the density 
where c = N 
A small global shift of ⃗ r → ⃗ r + ⃗ r 0 (η) leads to a small correction of eccentricity vector:
We can always chose the reference frame such that φ 0 = 0 (by defining the x-axis along the impact parameter), and the correction to the eccentricities of the two nuclei at η is obtained from Eqs. A2 and A4:
δ⃗ ǫ From this we obtain the total correction to the eccentricity vector at η: δ⃗ ǫ tot 2 (η) = αδ⃗ ǫ 
We verified this relation explicitly using a monte-carlo Glauber model simulation and the results for Pb+Pb collisions at LHC energy are shown in Fig. 16 . The amount of shift, r (Fig. 16(b) ).
